The region in which pulsars radiate is very important to constrain pulsar emission mechanisms. A three-dimensional (3D) method to calculate emission heights is developed in this paper. As an example, radiation regions for different components at different frequencies have been calculated for PSR B2111+46. Emission components at seven frequencies are fitted with Gaussian components, then the radiation heights for emission components are calculated. We found that different emission components, even if at the same radio frequency, are radiated from different heights. This is probably a common phenomena and challenges any emission mechanisms. The inverse Compton scattering emission model for pulsar radio emission can explain these results well.
Introduction
Almost forty years have passed since pulsars were discovered. However, how pulsars radiate is still an unsolved question. Many radiation models have been suggested for radio emission, such as Ruderman & Sutherland (1975) , Qiao & Lin (1998) , Melrose & Gedalin (1999) , Lyutikov et al. (1999) , Gil & Sendyk (2000) , and so on. The determination of where pulsar radio emission is produced is very important to constrain any theories.
The heights of the emission region have been estimated with different methods (Cordes 1978; Blaskiewicz 1991; Phillips 1992; Gil & Kijak 1993; Kijak & Gil 1997; Gupta & Gangadhara 2001; Gupta & Gangadhara 2003; Dyks et al. 2004; Gangadhara 2005) . In this paper we present a three-dimensional method to calculate the emission height. If we have two geometric parameters for a given pulsar with a known period, P, namely the inclination angle α between the rotation axis and the magnetic axis, and the view angle ζ of the line of sight from the rotation axis, then the heights for any emission components at any frequencies can be calculated. The emission components at different frequencies can be separated by Gaussian fitting developed by Wu et al. (1992) and Kramer (1994) . We revisit PSR B2111+46 here, separate its components at seven frequencies, and calculate the emission heights at these frequencies.
The structure of this paper is as follows: In Sect. 2 the component separation by Gaussian fitting to the average pulse profiles of PSR B2111+46 is presented. The method to calculate the emission height is developed in Sect. 3, and applied to PSR B2111+46 in Sect. 4 with detailed discussions on the inverse Compoton scattering (ICS) model and the RS (Ruderman & Sutherlan 1975) model. Conclusions and discussions are summarized in Sect. 5.
Component-separation by Gaussian fitting to profiles of PSR B2111+46
Usually a pulsar profile has many components, and each of them is assumed to have a Gaussian shape (Wu et al. 1992 (Wu et al. , 1998 Kramer 1994; Kramer et al. 1994; Kuzimin & Izvekova 1996; Xu & Wu 2003) . This is natual if one consideres the Gaussian shape of subpulses and statistical properties of individual pulses. So the fitting function for a pulse profile can be written as the sum of several individual Gaussians, as follows:
where I i is the amplitude of the ith Gaussian component, p i is the peak position, and w i is the full width at half maximum. These parameters can be determined from the Gaussian fitting by using the numerical method of downhill simplex algorithm (Caceci & Cacheris 1984) . The root mean square (rms) value of the fitting is given by
Here y j is the data point of an observed profile. N is the total number of data points. For a good fit, the residual curve of the on-pulse part should be noiselike, and the rms value should be close to that of the off-pulse part. The profiles of PSR B2111+46 at seven frequencies, 408 MHz, 610 MHz, 925 MHz, 1.408 GHz and 1.64 GHz (Gould & Lyne 1998) , and 800 MHz and 1.33 GHz (Arzoumanian et al. 1994) , were obtained from the European Pulsar Network database (Lorimer et al. 1998) . We took several steps to fit the profiles:
(1) Separate the on-pulse and off-pulse parts. The on-pulse window is defined for the pulse part that is greater than 3σ (the standard deviation) of the off-pulse noise. Here the σ is initially calculated from the whole pulse phase data. But later σ is repeatedly calculated after the pulse of >3σ is taken out, until the on-pulse part is no longer increasing. (2) Fit the Gaussian components to the on-pulse part using Eq.
(1), and calculate the residual curve. (3) Compare the residual value to the off-pulse data. If there is any peak larger than about 3σ, we add another new component, here σ is the standard deviation of off-pulse data. Such a procedure is repeated until the rms values of the on-pulse residual curve and off-pulse data are comparable.
The profiles of PSR B2111+46 appear to have three peaks. We used three Gaussian components to fit them. The residuals have much larger σ than that of off-pulse, so it is necessary to add components, until five components are involved (see Fig. 1 and parameters in Table 1 ). That is to say, this pulsar is of the M-type, not of the T-type suggested by Rankin (1993) . The positions of these components are coincident with each other at seven frequencies, and these components evolve smoothly with frequency.
In Table 1 , p 1 ∼ p 5 are the peaks of the components of pulses, and w 1 ∼ w 5 and I 1 ∼ I 5 are full width and intensity of the Gaussian components, respectively. The uncertainties given for these parameters are estimated by the bootstrap method using "dirty" initial inputs, and the final results are converged in the ranges given in the tables. Using the core-double conal model, it is natual to think that p 1 , p 5 correspond to outer conal components; p 2 , p 4 correspond to inner conal components; and p 3 corresponds to the core component. The peak-peak separations of outer conal components and inner conal components can be obtained from component locations (i.e., p 1 , p 5 or p 2 , p 4 ). The core component is set at a phase of zero (φ 0 = 0) in all the seven frequencies. E i /E t is the relative energy for ith conal component to the total energy, and its evolution with frequency is shown in Fig. 2. 
Three-dimensional calculations of the pulsar emission height
The magnetic field of a pulsar is assumed to have a dipole shape. The direction of radiation is tangential to the magnetic field located at an emission point. We assume that the emission beam is symmetric to the plane that contains the rotation axis Ω and magnetic axis µ (hereafter the Ω-µ plane, see Fig. 3 ). We temporarily use the last open magnetic field line to calculate the emission height, and will also do it for field lines footed at 75% of the polar caps radius. In the framework of the core-conal model, as suggested by Rankin (1983) and demonstrated in Fig. 3 , α is the magnetic inclination angle and ζ is the inclination angle of the observer's line of sight to the rotation axis, so that the impact angle β = ζ − α, θ µ is the inclination of radiation direction to the magnetic axis, ψ is the angle between the magnetic field plane and the Ω-µ plane, and φ is the azimuth angle around the rotation axis. According to spherical geometry, we can obtain two equations, as follows:
cos ζ = cos α cos θ µ − sin α sin θ µ cos ψ.
In fact, α and ζ can be estimated from pulsar polarization data, and the half width φ between peaks of two conal components can be measured from profile data or the results of Gaussian fitting. Then the beam angle θ µ can be figured out using Eq. (3). Then we can also get cos ψ by Eq. (4), i.e., determine the magnetic field line from which the radiation comes. A given magnetic field line in dipole follows
where r is the polar radius (counted from pulsar center to an emission point, see Fig. 4 ), θ is the polar angle of the emission point, and R e is the maximum radius of this magnetic field line, which is the function of ψ and α. If θ and R e can be fixed, then one can get r, i.e., the emission height. Now let us try to fix θ and R e for the last open field lines that we temporary assumed for emission geometry. First of all, at the tangent point of the field line, the polar angle θ and the beam angle θ µ can be related by (Qiao & Lin 1998) tan θ µ = 3 sin 2θ 1 + 3 cos 2θ ·
From this equation, θ can be determined when θ µ is calculated using Eq. (3).
To calculate R e , we find the projection of r to the equator plane (i.e., the X-Y plane, see Fig. 4 ) perpendicular to the rotation axis as
Obviously, l reaches the maximum value when the polar radius r passes the tangent point M to the light cylinder. Here R lc = cP/2π is the radius of the light cylinder of this pulsar, c is the light velocity, and P is the period of a given pulsar (see Fig. 4 ). At the point M, dl/dθ = 0, one can find
where A = 4 sin 2 α, B = 5 sin 2α cos ψ, C = 4 sin 2 α − 6(sin 2 α cos 2 ψ − cos 2 α), and D = − sin 2α cos ψ, and θ M is the polar angle at point M. So cot θ M can be numerically figured out using Eq. (8). Then R e is:
Given the values of R e and ψ, a magnetic field line can be uniformly defined, i.e., the magnetic field line for the emission can be ascertained. In summary, if one finds the half width φ between two peaks from pulse profile, and obtains the inclination angle α and the impact angle β from pulsar polarization, then the emission height can be conclusively ascertained by equations above.
Emission height of PSR B2111+46 and the ICS model
In the last section we developed a geometrical method to calculate the emission height. Now, we apply the method above to PSR B2111+46. The inclination angle α and the impact angle β are 9
• and 1.4
• according to Rankin (1993) , or 11.6
• and −1.0 • , respectively, according to Gould (1994) . We calculate the emission height at both the last open field line and the field line footed (Lorimer et al. 1998) . Original profiles at 408 MHz, 610 MHz, 925 MHz, 1.408 GHz, and 1.64 GHz were published by Gould & Lyne (1998) , and these at 800 MHz and 1.33 GHz by Arzoumanian et al. (1994) . Pulse intensity is in arbitrary units with the peak scaled to 100, and the profiles were centered at the central peak. 
.5 ± 0.1 22.9 ± 0.1 12.1 ± 0.1 0.17 ± 0.01 2 −3.1 ± 4.7 18.5 ± 4.7 20.9 ± 3.8 0.23 ± 0.08 408 MHz 3 0 82.8 ± 4.2 10.2 ± 0.3 0.51 ± 0.05 4 11.2 ± 4.4 6.5 ± 4.7 9.6 ± 3.7 0.04 ± 0.03 5 28.9 ± 0.1 7.6 ± 0.2 10.6 ± 0.7 0.05 ± 0.01 1 −32.9 ± 0.1 40.3 ± 0.2 12.3 ± 0.1 0.21 ± 0.01 2 −7.7 ± 1.3 24.6 ± 1.5 24.8 ± 1.5 0.26 ± 0.02 610 MHz 3 0 80.2 ± 3.3 11.1 ± 0.2 0.38 ± 0.02 4 12.6 ± 0.1 14.6 ± 1.4 9.5 ± 0.2 0.06 ± 0.01 5 26.2 ± 0.1 14.4 ± 0.2 12.8 ± 0.2 0.08 ± 0.01 1 −31.5 ± 0.1 59.4 ± 0.5 13.2 ± 0.1 0.26 ± 0.01 2 −12.9 ± 1.1 28.3 ± 2.0 17.7 ± 1.9 0.16 ± 0.02 800 MHz 3 0 92.1 ± 4.8 13.3 ± 0.5 0.40 ± 0.03 4 12.2 ± 0.3 19.6 ± 2.1 9.5 ± 1.1 0.06 ± 0.01 5 24.3 ± 0.4 22.0 ± 0.4 16.3 ± 0.7 0.12 ± 0.01 1 −31.0 ± 0.2 59.5 ± 2.5 12.4 ± 0.3 0.24 ± 0.02 2 −13.6 ± 1.4 27.6 ± 1.6 21.9 ± 4.5 0.20 ± 0.04 925 MHz 3 0 88.5 ± 5.6 13.3 ± 0.6 0.39 ± 0.04 4 12.8 ± 0.3 24.3 ± 1.8 9.4 ± 0.9 0.08 ± 0.01 5 24.8 ± 0.2 24.2 ± 0.4 12.1 ± 0.4 0.10 ± 0.01 1 −28.8 ± 0.2 86.5 ± 2.2 14.1 ± 0.2 0.30 ± 0.02 2 −13.1 ± 0.8 37.7 ± 3.2 16.9 ± 2.7 0.16 ± 0.03 1.33 GHz 3 0 89.3 ± 5.2 14.1 ± 0.7 0.31 ± 0.03 4 11.2 ± 0.7 31.6 ± 4.9 12.4 ± 1.6 0.10 ± 0.02 5 23.4 ± 0.5 33.5 ± 1.9 14.8 ± 0.6 0.12 ± 0.01 1 −28.1 ± 0.1 91.6 ± 0.6 13.8 ± 0.1 0.32 ± 0.01 2 −14.0 ± 0.6 32.4 ± 3.3 12.2 ± 1.2 0.10 ± 0.01 1.408 GHz 3 0 98.3 ± 2.3 15.3 ± 1.0 0.38 ± 0.03 4 11.7 ± 0.4 23.9 ± 5.1 9.1 ± 1.1 0.06 ± 0.01 5 22.7 ± 0.3 38.0 ± 0.7 14.7 ± 0.3 0.14 ± 0.01 1 −28.4 ± 0.3 81.5 ± 6.5 13.9 ± 0.3 0.26 ± 0.03 2 −16.3 ± 1.8 47.3 ± 4.2 19.6 ± 2.7 0.22 ± 0.04 1.64 GHz 3 0 81.9 ± 6.9 15.3 ± 1.3 0.29 ± 0.04 4 11.3 ± 1.3 29.0 ± 7.9 13.3 ± 2.6 0.09 ± 0.03 5 23.6 ± 0.6 38.1 ± 2.5 15.4 ± 0.6 0.14 ± 0.01 at 75% of the radius of polar cap. The pulsar period is 1.015 s and its radius is assumed to be 10 km.
With the 3D method above, the beam angle θ µ and radio emission height r can be worked out using Eq. (3)-(9), as listed in Table 2 . The emission heights are very low in the pulsar magnetosphere, no less than 1% of the radius of the light cylinder (R lc = 48462.7 km), The heights calculated with α, β of Gould (1994) are larger than those with α, β of Rankin (1993) . In general, the emission height of the outer conal components is about a few hundred km, but that of the inner conal components is about a few tens of km, and that of the core component is very small, only about ten kilometers above the surface. The emission height for the outer conal decreases when the radiation frequency increases, which is good, in accordance with the "radius-to-frequency mapping" (Ruderman & Sutherland 1975; Cordes 1978; Phillps 1992) . However, this is not the case for the inner cone. The emission height of inner cone increases with frequency. As we will see below, this can be explained by the inverse Compton scattering (ICS) model. Qiao (1988a,b) first advanced the ICS model. The main idea of this model is as follows: low frequency photons were assumed to be created near the polar cap region by periodic breakdown of the inner gap (Ruderman & Sutherland 1975) . They propagated outwards to the emission region of interest, and were inverse Compton scattered by the high energy secondary particles that were produced by the gap (see Fig. 5 ). The up-scattered radio photons, i.e., the observed radio emission are related to the incoming photons by (Xia et al. 1985; Qiao 1988a,b; Qiao & Lin 1998) :
where M = 2r cos θ−R[3 cos θ sin θ sin θ c cos(ψ−ψ c )+(3 cos 2 θ− 1) cos θ c ], and N = (1 + 3 cos 2 θ) 1/2 {r 2 + R 2 − 2rR[cos θ cos θ c + sin θ sin θ c cos(ψ − ψ c )]} 1/2 . Here θ i is the angle between the direction of particle motion and the incoming photon, ω 0 is the photon angular frequency, assumed to be 10 6 Hz, η = υ/c 1, γ is the Lorentz factor, ψ and ψ c are the azimuth angle of the magnetic field line and the spark point, and θ c (2πR/Pc) 1/2 is the polar cap angle of a last open field line (Qiao & Lin 1998) . The Lorentz factor of particles are assumed to follow (Qiao & Liu 2001) : 
64.4 ± 0.2 5.5 ± 0.1 199.9 ± 0.6 355.0 ± 1.5 6.2 ± 0.1 446.6 ± 2.0 408 MHz 14.3 ± 6.6 1.9 ± 0.4 22.3 ± 6.6 39.7 ± 11.6 1.7 ± 0.5 33.7 ± 15.2 0 1.4 13 23 1.0 11.7 59.2 ± 0.1 5.1 ± 0.1 171.2 ± 0.4 304.8 ± 0.7 5.7 ± 0.1 380.8 ± 0.9 610 MHz 20.3 ± 1.3 2.2 ± 0.1 31.9 ± 1.8 56.7 ± 3.2 2.2 ± 0.1 56.0 ± 4.2 0 1.4 13 23 1.0 11.7 55.8 ± 0.4 4.9 ± 0.1 153.9 ± 1.5 274.0 ± 2.6 5.4 ± 0.1 340.5 ± 3.5 800 MHz 25.1 ± 1.2 2.5 ± 0.1 41.8 ± 2.0 74.5 ± 3.7 2.6 ± 0.1 79.3 ± 4.8 0 1.4 13 23 1.0 11.7 55.9 ± 0.3 4.9 ± 0.1 154.4 ± 1.0 274.8 ± 2.0 5.4 ± 0.1 341.6 ± 2.6 925 MHz 26.4 ± 1.5 2.6 ± 0.1 45.0 ± 2.6 80.0 ± 4.8 2.7 ± 0.1 86.5 ± 6.3 0 1.4 13 23 1.0 11.7 52.2 ± 0.6 4.6 ± 0.1 137.0 ± 2.0 243.2 ± 3.7 5.1 ± 0.1 300.2 ± 4.9 1.33 GHz 24.3 ± 1.1 2.5 ± 0.1 40.2 ± 1.8 71.3 ± 3.3 2.5 ± 0.1 75.1 ± 4.3 0 1.4 13 23 1.0 11.7 50.9 ± 0.3 4.5 ± 0.1 130.7 ± 0.9 232.5 ± 1.8 5.0 ± 0.1 286.2 ± 2.4 1.408 GHz 25.7 ± 0.7 2.6 ± 0.1 43.4 ± 1.2 77.0 ± 2.2 2.7 ± 0.1 82.6 ± 3.3 0 1.4 13 23 1.0 11.7 52.0 ± 0.7 4.6 ± 0.1 135.7 ± 2.3 241.5 ± 4.3 5.1 ± 0.1 298.0 ± 5.7 1.64 GHz 27.6 ± 2.2 2.7 ± 0. where γ 0 is the initial Lorentz factor, and κ is a factor for the energy loss of particles. We will also try the linear decay of the Lorentz factor later. The emission frequency and emission height can be figured out in the ICS model by Eqs. (10)-(12) . In Fig. 6 , the lines are calculated for the last open field line in the Ω − µ plane and we use the Lorentz factor above. In Figs. 7 and 8 , data points are re-calculated for the field lines footed at 75% of the polar radius cap in the Ω − µ plane, and the ICS model for the emission region calculation had a linear decay of the Lorentz factor as follows: by high-energy particles at point P and created the outgoing photons of ω that we observed as the radio emission. Here, θ i is the angle between the direction of particle motion, i.e., tangential direction of the magnetic field, and the incoming photon. S 1 and S 2 are two sparking points on the polar near (but not or) the footpoints of the field lines.
where γ 0 is the initial Lorentz factor, κ is a factor for the energy loss of particles, and R e is the maximum radius of the magnetic field line. The sparking on the polar cap is assumed to produce photons of a few frequency of 10 6 Hz. Two sparking points (S1, S2 in Fig. 5 ) from two sides of the magnetic axis are chosen near to (but not or) the footpoints of field lines in the Ω − µ plane. Each of them were labeled with three different line styles, which represented emission regions for three components. Other possible sparkings should produce emission between these two curves. It is clear that in the framework of the ICS model, we can explain the relation between the emission height and radiation frequency, especially the abnormal widening of the inner cone with increasing frequency. • , β = 1.4
• from Rankin (1993) . Two curves were calculated from two sparking points S 1 and S 2 at 95% of the polar cap radius in the Ω − µ plane. A Lorentz factor decay was taken as γ = γ 0 exp(−κ r−R R ), γ 0 = 30 000, κ = 0.155. The core component should be between the dash lines, the inner conal component between the solid lines, and the outer cone component between the dash-dot-dash lines. The data points were calculated at the field lines footed at 75% of the polar cap radius by taking α = 9
• , β = 1.4
• from Rankin (1993) . Two curves were calculated for the two sparking points S 1 and S 2 at 74% of the polar cap radius in the Ω − µ plane. A linear decay of the Lorentz factor was taken as γ = γ 0 (1−κ r−R Re ), and γ 0 = 10 000 and κ = 225. Fig. 7 , but the data were calculated with α = 11.6
• , β = −1.0 • from Gould (1994) and the ICS model with γ 0 = 10000, κ = 195.
The Lorentz factors we used for fitting are 30 000 and 10 000, larger than those of given by the RS model, which set the Lorentz factor for the secondary particles as about 800 (Ruderman & Sutherland 1975) . From both the theoretical and observational points of view, the results we obtained are reasonable. Theoretically, in the RS model, the Lorentz factors of primary particles are 10 6 . This value is required from the pair production, and assumed for all primary particles. In fact, not all pairs were produced at the bottom of the gap, and the primary particles cannot gain such a large Lorentz factor. Therefore, particles following from the polar gap, including the secondary particles, should have a Lorentz factor lower than 10 6 . Ruderman & Sutherland (1975) took a Lorentz factor of secondary particles as 800 to produce radio emission by the curvature radiation mechanism. If the sparking in the gap is dominated by the ICS process, then the Lorentz factor of the secondary would be 3.5 × 10 3 (Zhang et al. 1997) . If some pairs are produced at the bottom of the gap, the Lorentz factor could be larger, up to the values we are using for the modeling. Anyway, the range for Lorentz factors are model-dependent at present. From the observational point of view, our fitting results are also reasonable. The microstructures of a sub-pulse often are only a few microseconds wide (Bartel & Hankins 1982; Hankins et al. 2003) . If this comes from particle emission, it should mean that the Lorentz factor of particles should be about 10 4 , and that the emission region should be about a kilometer (in size).
Energy losses due to the ICS process on thermal surface X-rays can be rapid, but are extremely sensitive to the particle Lorentz factor in the resonant scattering regime. For the thermal resonant ICS gap, the Lorentz factor of the primary is about 10 5 , and in this case, −γ ∝ B(z) 2 /γ (Zhang et al. 1997) ; here z is the height above the surface. This means that the energy loss is very fast. In the non-resonant region, −γ ∝ γ 4 /B(z) 2 (Zhang et al. 1997) . In our case the Lorentz factor reaches 10 4 ; it is not so far from the resonant point. According to the calculation, when the Lorentz factor is as large as this, the difference of energy loss is not so big (see Xia et al. 1985) . We did not make an accurate calculation for −γ in this paper. It can be a parameter adjusted by the observations, and can constrain the theoretical parameters.
Conclusions and discussions
We separate the components of PSR B2111+46 at seven frequencies by using Gaussian fitting. Strong evidence shows that pulsar profiles have five components, evolving with frequency. Using the peaks separation of these components, the radio emission regions in the pulsar magnetosphere for seven frequencies have been found by assuming dipole structure of magnetic field. Our geometrical calculations were made for the last open field line and the field line footed at 75% of the polar cap radius. If the field line is closer to the center of the polar cap, the emission height should be even higher than our results. In our calculation, the separation of two outer-conal components or the two inner-conal components, i.e., the open angle of the conal beam, have been used. The retardation and aberration are related to the displacements between the core and the middle-point of conal pairs (see Xu et al. 1997 ), which are not important for our calculation.
For the outer conal beam, the emission frequency decreases when the emission height increases. For the inner conal beam, in contrast, the emission frequency increases with height. The inner cone emission should come from a region closer to the neutron star surface. The radio emission of different components at a given frequency can be emitted from different heights. These can be easily explained by the ICS model.
